Abstract. Let M be a von Neumann algebra and let M⋆ be its (unique) predual. We study when for every ϕ ∈ M⋆ there exists ψ ∈ M⋆ solving the equation ϕ ± ψ = ϕ = ψ . This is the case when M does not contain type I nor type III 1 factors as direct summands and it is false at least for the unique hyperfinite type III 1 factor. We also characterize this property in terms of the existence of centrally symmetric curves in the unit sphere of M⋆ of length 4. An approximate result valid for all diffuse von Neumann algebras allows to show that the equation has solution for every element in the ultraproduct of preduals of diffuse von Neumann algebras and, in particular, the dual von Neumann algebra of such ultraproduct is diffuse. This shows that the Daugavet property and the uniform Daugavet property are equivalent for preduals of von Neumann algebras.
Introduction
Let M be an arbitrary von Neumann algebra and denote its unique predual by M ⋆ , and they are known to be non-commutative counterparts to usual L ∞ (µ) and L 1 (µ), respectively, with measure µ. We will investigate the geometry of M ⋆ , and hence our investigation in the present paper should be regarded as analysis on non-commutative L 1 -spaces. What we actually want to investigate is whether or not for every ϕ ∈ M ⋆ there exists ψ ∈ M ⋆ so that
It is easy to show that this is the case when M ⋆ is L 1 [0, 1] (see [2, Example 5.12] for instance), and moreover that if equation (♦) is solvable, then M must be diffuse. Here the diffuseness is equivalent to that µ is atomless when M = L ∞ (µ) or M ⋆ = L 1 (µ). The necessary definitions and background on von Neumann algebras are included in section 2.
For an element x in an arbitrary Banach space X, the existence of y ∈ X solving the equation x ± y = x = y is equivalent to the fact that x is the center of a segment in the closed ball of radius x of maximal length (i.e., 2 x ). Indeed, if x ± y = x = y , then x = Therefore, what we are investigating is when every point in a closed ball of the predual of a von Neumann algebra fails to be an extreme point of the ball in the strongest possible way. Here we recall that the fact that the balls in the predual of a diffuse von Neumann algebra lack to have extreme points is well-known. This discussion together with the fact that the result is immediate for L 1 [0, 1] , and the investigation on the (uniform) Daugavet property in [2, §5] motivate us to study equation (♦).
In the present paper we will see that if neither type I nor type III 1 factor appears as a direct summand of a von Neumann algebra M , then for every element ϕ ∈ M ⋆ equation (♦) has a solution ψ ∈ M ⋆ . Moreover, we will clarify which ϕ has such ψ in general situation, showing that ψ is ϕe + − ϕe − for some pair e ± of orthogonal projections in the centralizer of |ϕ| (see the comment just before Lemma 2.3 for the definition of centralizers). As a consequence of the latter, the answer to the question is negative at least for the unique hyperfinite type III 1 factor, though it is diffuse. This is an exactly non-commutative phenomenon that does never appears in the commutative setting. These results can be interpreted as follows: if a diffuse von Neumann algebra M does not contain any factor of type III 1 as a direct summand, then every element ϕ in the unit sphere of M ⋆ can be connected to −ϕ through a curve lying on the unit sphere with length 2; this does not happen for the unique hyperfinite type III 1 factor. On the other hand, for every diffuse M we will also provide the following approximate result: for any given ϕ ∈ M ⋆ and any given ε > 0, there exists ψ ε ∈ M ⋆ such that ϕ − ε < ϕ ± ψ ε < ϕ + ε and ψ ε = ϕ . This approximate property turns out to be a characterization of the diffuseness.
Next, we use the approximate result mentioned above to show that for every sequence of diffuse von Neumann algebras M i , i ∈ N, and every free ultrafilter on N, equation (♦) is solvable in the ultraproduct ([M i ] ⋆ )/U. In particular, it shows that the dual of any ultraproduct of preduals of diffuse von Neumann algebras (which is known to be a von Neumann algebra, see [4, 16] ) must be diffuse. Moreover, every nonzero normal positive linear functional on such dual von Neumann algebra has diffuse centralizer.
These results have an application to the so-called (uniform) Daugavet property. We give a bit detailed explanation on the property for the reader who is not familiar with it. A Banach space X is said to have the Daugavet property (see [9] ) if every rank-one bounded linear operator T : X −→ X satisfies the norm identity Id +T = 1 + T , in which case, all weakly compact bounded linear operators on X also satisfy the same norm identity. The basic examples of Banach spaces satisfying the Daugavet property are C(K) for perfect K and L 1 (µ) for atomless µ. The non-commutative counterparts to this results were given by T. Oikhberg [15] , proving that the Daugavet property of a C * -algebra is equivalent to its diffuseness and that the predual of a von Neumann algebra has the Daugavet property if and only if the algebra does (i.e., the algebra is diffuse). Latter, it was proved in [2, §4] that the predual of a von Neumann algebra has the Daugavet property if and only if its closed unit ball has no extreme points.
In [3] a stronger version of the Daugavet property called the uniform Daugavet property was introduced and it was seen to be equivalent to the fact that every ultrapower of the space has the Daugavet property. The basic examples of spaces having the uniform Daugavet property are again C(K) for perfect K and L 1 (µ) for atomless µ, but there exists a Banach space with the Daugavet property which fails the uniform version, see [10] . The non-commutative counterparts to these positive examples are also true: on the one hand, it is proved in [2, Theorem 5.2] that a diffuse C * -algebra has the uniform Daugavet property; on the other hand, it was claimed in [2, Theorem 5.6] that the predual of a diffuse von Neumann algebra has the uniform Daugavet property, but the proof there has a serious problem which the authors do not know how to solve. Our results above show that the dual von Neumann algebra to the ultrapower of the predual of any diffuse von Neumann algebra must be diffuse, and the ultrapower itself turns out to have the Daugavet property. Therefore, we provide an alternative and correct proof of [2, Theorem 5.6] for preduals of von Neumann algebras.
Norm Equation
Our first goal is to show that in the predual of a diffuse von Neumann algebra containing no type III 1 factor as a direct summand, the equation entitling the section has solution for every ϕ.
We need to fix notation and to present some preliminary results. In what follows very basic terminologies (positivity for linear functionals, etc.) on C * -algebras will be used freely. Throughout this section, let M be a von Neumann algebra or W * -algebra, i.e., a (unital) C * -algebra with a (unique isometric) predual M ⋆ (Sakai's space-free formulation, see [17, Theorem 1.16.7] for its justification). We do never assume the separability of M ⋆ . A bounded linear functional on M is normal if it falls in M ⋆ or, in other words, if it is weak * -continuous. A nonzero projection p ∈ M is minimal if pM p = Cp. When no minimal projection exists, we say that M is diffuse. The center of M is denoted by Z(M ) and it is the commutative von Neumann subalgebra of M consisting of those elements that commute with every element of M . When Z(M ) = C1, M is said to be a factor. The next fact is probably well-known, but we cannot find a suitable reference.
Lemma 2.1. There is a unique orthogonal family {z i } i∈I of minimal projections in
In particular, M z 0 has diffuse center and every M z i , i ∈ I, becomes a factor.
Proof. Choose a maximal family {z i } i∈I of mutually orthogonal, nonzero projections in Z(M ) such that Z(M )z i = Cz i . Set z 0 := 1 − i∈I z i . The maximality of {z i } i∈I forces either z 0 = 0 or that Z(M )z 0 must be diffuse. Let e ∈ Z(M ) be an arbitrary minimal projection. Since z i e = ez i is a projection, the minimality of e forces that there is a unique i(e) ∈ I with e = z i(e) e = z i(e) . It immediately follows that the family {z i } i∈I is uniquely determined. 
In what follows, the central support (in M ) of a projection p ∈ M , i.e., the smallest projection z ∈ Z(M ) with z p, is denoted by c M (p). Lemma 2.2. If M is a factor and has a faithful positive ϕ ∈ M ⋆ whose centralizer M ϕ := {x ∈ M | ϕ(xy) = ϕ(yx) for all y ∈ M } is not diffuse, then M must be of either type I or type III 1 .
Proof. It suffices to prove that if M is a factor of either type II or type III λ with λ = 1, then the centralizer M ϕ of any faithful positive ϕ ∈ M ⋆ must be diffuse.
Firstly, assume that M is of type II. By [22, Theorem VIII.3.14, Theorem VIII.2.11] one can find a positive selfadjoint (possibly unbounded) operator h affiliated with M so that σ ϕ t = Adh it , t ∈ R, and hence M ϕ = {x ∈ M | xh it = h it x for every t ∈ R}. On contrary, suppose that there exists a minimal projection e in M ϕ . Choose a MASA A in M that contains {h it | t ∈ R} ∪ {e}. Clearly A sits in M ϕ . Then Ae ⊆ eM ϕ e = Ce so that Ae = Ce, that is, e is minimal in A. Since A is a MASA in M , eM e falls in A, implying that e is minimal in M , a contradiction. Consequently, M ϕ must be diffuse.
Secondly, assume that M is of type III λ with 0 λ < 1. By [1, Theorem 4.2.1 (a); Theorem 5.2.1 (a)] there exists a MASA A in M such that A ⊂ M ϕ ⊂ M . On contrary, suppose that M ϕ has a minimal projection, say e, that is eM ϕ e = Ce. By [12, Proposition 6.4.3] M ϕ z with z := c Mϕ (e) is a factor which possesses a minimal projection e and a finite faithful normal trace ϕ ↾ Mϕz ; hence it must be a type I n factor with n finite (or a finite dimensional factor) by [12 [11, Lemma 3.7] ). Therefore, e i M e i must fall in A, implying e i M e i = Ce i a contradiction since M is of type III. Consequently, M ϕ must be diffuse.
The centralizer M ϕ of a given (not necessarily faithful) nonzero positive ϕ ∈ M ⋆ is defined to be the usual one (see Lemma 2.2) of the faithful ϕ ↾ s(ϕ)Ms(ϕ) , where s(ϕ) denotes the support of ϕ, i.e., 1 − p of the greatest projection p ∈ M with ϕ(p) = 0. It is easy to see that ϕ(x) = ϕ(s(ϕ)x) = ϕ(xs(ϕ)) for x ∈ M and that a positive ϕ ∈ M ⋆ is faithful if and only if s(ϕ) = 1. Note that this definition of centralizers is probably not standard. Firstly, assume that Z(M ) is diffuse. On contrary, suppose that M ϕ has a minimal projection, say e. By [12, Proposition 6.4.3] M ϕ z with z := c Mϕ (e) must be a finite dimensional factor (see the final paragraph in the proof of Lemma 2.2), a contradiction since Cz = Z(M )z ⊆ Z(M ϕ z). Therefore, M ϕ has no minimal projection.
Secondly, assume that M is a factor of neither type I nor type III 1 . Since ϕ is faithful, the desired assertion immediately follows from Lemma 2.2.
For x ∈ M and ϕ ∈ M ⋆ we define xϕ, ϕx ∈ M ⋆ by (xϕ)(y) := ϕ(yx) and (ϕx)(y) := ϕ(xy) for y ∈ M . It is known, see [17, §1.14] , that any ϕ ∈ M ⋆ admits a unique polar decomposition ϕ = v|ϕ|, where |ϕ| ∈ M ⋆ is positive and v is a partial isometry in M with v * v = s(|ϕ|). The core idea of the proof of the next proposition comes from the sketch given to [24, Lemma 3.6] there.
Theorem 2.4. Let M be a von Neumann algebra and M ⋆ be its unique predual. Consider the decomposition M = M z 0 ⊕ ⊕ i∈I M z i as given in Lemma 2.1. If every M z i , i ∈ I, is of neither type I nor type III 1 , then every ϕ ∈ M ⋆ has ψ ∈ M ⋆ so that ϕ ± ψ = ϕ = ψ .
Proof. Let M = M z 0 ⊕ ⊕ i∈I M z i be as in Lemma 2.1. Accordingly one can decompose ϕ = ϕ 0 + i∈I ϕ i with ϕ i := ϕ ↾ Mzi , i ∈ {0} ⊔ I, and trivially ϕ = ϕ 0 + i∈I ϕ i holds.
Hence we will prove the desired assertion for nonzero ϕ when Z(M ) is diffuse or when M is a factor of neither type I nor type III 1 .
Let ϕ = v|ϕ| be the polar decomposition, and by Lemma 2.3 M |ϕ| must be diffuse. Choose a MASA A in M |ϕ| with unit s(|ϕ|) [25, Lemma 4.14] ). Hence one can easily find (by looking at (L ∞ [0, 1], Leb)) two orthogonal projections e ± ∈ M |ϕ| in such a way that e + + e − = s(|ϕ|) and |ϕ|(e ± ) = |ϕ|(s(|ϕ|))/2. Consider the self-adjoint unitary u := e + − e − ∈ M |ϕ| , and ψ := vu|ϕ| ∈ M ⋆ , which clearly becomes a polar decomposition, since (vu) * vu = s(|ϕ|). Hence ψ = |ϕ|(s(|ϕ|)) = ϕ . Since ϕ ± ψ = v(s(|ϕ|) ± u)|ϕ| = ve ± (2e ± |ϕ|) and the e ± 's falls in M |ϕ| , we get |ϕ ± ψ| = 2e ± |ϕ| by the uniqueness of polar decompositions (see [17, Theorem 1.14.4]). Therefore, ϕ ± ψ = 2|ϕ|(e ± ) = 2(|ϕ|(s(|ϕ|))/2) = ϕ .
It is natural to ask whether or not the conclusion of Theorem 2.4 still holds true when type III 1 factors appear as direct summands. As a consequence of the next theorem, we will see that it is not always so.
As usual, for a given ϕ ∈ M ⋆ its adjoint ϕ * ∈ M ⋆ is defined by ϕ
Theorem 2.5. Let M be a von Neumann algebra, M ⋆ be its unique predual, and ϕ ∈ M ⋆ be nonzero. Then the following are equivalent:
(i) ϕ is the center of a segment of length 2 ϕ in the closed ball of radius ϕ .
(ii) There is ψ ∈ M ⋆ such that ϕ ± ψ = ϕ = ψ . (iii) There are two orthogonal projections e ± ∈ M |ϕ| such that e + + e − = s(|ϕ|), |ϕ|(e ± ) = |ϕ|(s(|ϕ|))/2 = ϕ /2. If this is the case, then ψ can be chosen to be v(e + − e − )|ϕ| = ϕe + − ϕe − , where ϕ = v|ϕ| is the polar decomposition of ϕ.
In particular, for a given ϕ ∈ M ⋆ , the solutions ψ ∈ M ⋆ of the norm equation ϕ ± ψ = ϕ = ψ are given by ψ = ϕe + − ϕe − with orthogonal projections e ± in M |ϕ| satisfying that e + + e − = s(|ϕ|) and |ϕ|(e ± ) = ϕ /2.
We need the following lemma which follows from a result due to Kusuda [13] . shows that |ϕ| = |ϕ + | + |ϕ − | and moreover that ϕ ± = v|ϕ ± |. In particular, we get χ := v * ψ = v * (ϕ + − ϕ − ) = |ϕ + | − |ϕ − |, and thus χ * = χ. With the polar decomposition χ = w|χ| one has |χ|v 
Consequently, ψ = v(e + − e − )|ϕ| becomes the polar decomposition of ψ. Then ϕ ± ψ = v(2e ± |ϕ|), and 2|ϕ|(e ± ) = ϕ ± ψ = ϕ = |ϕ|(s(|ϕ|)).
We may now provide an example showing that Theorem 2.4 cannot be extended to all diffuse von Neumann algebras.
Example 2.7. Consider M to be the unique hyperfinite type III 1 factor. Then, there exists a nonzero ϕ ∈ M ⋆ for which the equation ϕ ± ψ = ϕ = ψ has no solution ψ ∈ M ⋆ . Indeed, by [8, §3] (see also [14, p.246-247] ), there is a faithful normal state ϕ in M ⋆ with trivial centralizer, and thus Theorem 2.5 tells us that the equation indeed has no solution ψ for ϕ.
The remaining question is apparently whether the norm equation entitling this section is always solvable or not in the predual of a given type III 1 factor. It seems a very non-trivial question and we have known that it is certainly negative for several type III 1 factors including, as presented above, the unique hyperfinite type III 1 factor. Next, we do give an approximate variant of Theorem 2.4 that in turn holds even for arbitrary diffuse von Neumann algebras. The key is a deep result due to Haagerup and Størmer [5] .
Proposition 2.8. Let M be a diffuse von Neumann algebra and M ⋆ be its unique predual. Then for every ϕ ∈ M ⋆ and every ε > 0, there is ψ ε ∈ M ⋆ so that ϕ − ε < ϕ ± ψ ε < ϕ + ε and ψ ε = ϕ .
Proof. By the proof of Theorem 2.4, it suffices to assume that M is a type III 1 factor, since the desired assertion holds without error ε > 0 in the other cases and since only countably many ϕ i 's can be nonzero. We may and do also assume that ϕ is nonzero.
Let ϕ = v|ϕ| be the polar decomposition. Applying [5, Theorem 11.1] to c |ϕ| ↾ s(|ϕ|)Ms(|ϕ|) with c := 1/ |ϕ| = 1/ ϕ , one can find a state η ε ∈ M ⋆ and u ε ∈ M in such a way that
ε < c ε, and M ηε is of type II. Note here that any reduced algebra of a type III 1 factor by a nonzero projection becomes again of type III 1 thanks to [1, Corollary 3.2.8]. Define a positive χ ε := c −1 u * ε η ε u ε ∈ M ⋆ . Then s(χ ε ) = s(η ε ) = s(|ϕ|) and χ ε − |ϕ| < ε. Moreover, by [22, Corollary VIII.1.4] one has M χε = u ε M ηε u * ε , being of type II, i.e., diffuse. Set ϕ ε := vχ ε , being a polar decomposition. By the proof of Theorem 2.4, each ϕ ε has ψ ε ∈ M ⋆ so that ϕ ε ± ψ ε = ϕ ε = ψ ε . By the construction of ϕ ε , we observe that ϕ ε = χ ε = ϕ and
Hence the assertion follows.
Here are some remarks on centralizers of normal positive linear functionals. Remarks 2.9. Let M be a von Neumann algebra.
(1) The following are equivalent:
(a) there exists a nonzero positive ϕ ∈ M ⋆ with M ϕ = Cs(ϕ), (b) there exists a nonzero positive ϕ ∈ M ⋆ such that M ϕ is not diffuse. (2) If M ϕ is diffuse for every nonzero positive ϕ ∈ M ⋆ , then M itself is diffuse (note that the reverse implication is false).
Proof. The next proposition sumarizes when the equation entitling the section is solvable for every ϕ ∈ M ⋆ . It includes a characterization in terms of paths in M ⋆ which we will interpret in terms of the so-called flat spaces and girth curves. Proposition 2.10. Let M be a von Neumann algebra, and M ⋆ denotes its unique predual.
(iii) For every ϕ ∈ M ⋆ there is a path {ϕ t } 0 t 2 in M ⋆ such that ϕ 0 = ϕ, ϕ 2 = −ϕ, ϕ t = ϕ (0 t 2), and ϕ s − ϕ t = ϕ |s − t| (0 s, t 2). (2) If M is diffuse, then the subset of all those ϕ ∈ M ⋆ possessing a path {ϕ t } 0 t 2 in M ⋆ such that ϕ 0 = ϕ, ϕ 2 = −ϕ, ϕ t = ϕ (0 t 2), and ϕ s − ϕ t = ϕ |s − t| (0 s, t 2) is norm-dense in M ⋆ .
Proof. (ii) ⇒ (iii): We may and do assume that a given ϕ ∈ M ⋆ is non-zero. Let ϕ = v|ϕ| be its polar decomposition. By assumption M |ϕ| must be diffuse. As in the proof of Theorem 2.5, one can choose a commutative von Neumann subalgebra C of M |ϕ| with unit s(|ϕ|) in such a way that (C, |ϕ|(s(|ϕ|))
. Let e t , 1 t 2, be the projection of C that corresponds to the characteristic function
|ϕ|(e t − e s ) = (|ϕ|(s(|ϕ|))/2)(t − s) = ( ϕ /2)(t − s) (0 s t 2).
Set ϕ t := v(s(|ϕ|) − 2e t )|ϕ|, which becomes a unique polar decomposition, since s(|ϕ|) − 2e t is a self-adjoint unitary in M |ϕ| . Then one has ϕ 0 = ϕ, ϕ 2 = −ϕ, ϕ t = |ϕ| = ϕ and ϕ t − ϕ s = 2v(e t − e s )|ϕ| = 2|ϕ|(e t − e s ) = ϕ (t − s) (0 s t 2).
(2): The same argument as in the proof of Proposition 2.8 shows that for every ψ ∈ M ⋆ and every ε > 0 there is ϕ ε ∈ M ⋆ with ϕ ε = ϕ such that M |ϕε| is diffuse and ψ − ϕ ε |ψ| − |ϕ ε | < ε. The proof of (1) above shows that ϕ ε has the desired path. Hence the subset is norm-dense.
Let us give an interpretation of the above in terms of flat spaces and girth curves. We refer the reader to the seminal papers [18, 6] and the books [20, 26] for more information and background (though they are dealing with only real spaces). Given a (real or complex) Banach space X, we write S X to denote its unit sphere. The space X is called flat if there exists x ∈ S X and a (simple) curve lying on S X connecting ±x with length 2. Equivalently, there is a path t −→ x t from [0, 2] to S X such that x 0 = x, x 2 = −x and x s − x t = |s − t| for every 0 s, t 2 (see [26, p.196-197] ). Such a curve/path is called a girth curve. The existence of girth curves is unusual and it is a purely infinite-dimensional phenomenon. See [26, Eq.(17.6) ] (valid for complex spaces), which shows that the dual of any flat space must be non-separable.
It seems interesting to study whether or not for every ϕ ∈ S M⋆ there is a girth curve connecting ±ϕ as long as M is diffuse. The answer in the commutative case (i.e. M ⋆ = L 1 (µ)) was known to be true (see [6, Example 1] and [19, §1] ). The above proposition (together with Theorem 2.4 and Example 2.7) shows that this also is the case when M is assumed to be diffuse as well as to have no type III 1 factor as a direct summand, and it is not the case for the unique hyperfinite type III 1 factor. Thus the problem is again about general type III 1 factors. For general diffuse von Neumann algebras we only may say that the set of points of the unit sphere which are the starting point of a girth curve is dense. We compile all these results in the following corollary.
Corollary 2.11. Let M be a diffuse von Neumann algebra, and M ⋆ denotes its unique predual.
(1) The set of elements in S M⋆ which are the starting point of a girth curve is dense in S M⋆ . (2) Moreover, if M does not contain any type III 1 factor as a direct summand, then the set in (1) is actually the whole S M⋆ . (3) On the other hand, the set in (1) is not the whole S M⋆ at least when M is the unique hyperfinite type III 1 factor.
Applications to ultraproducts and the (uniform) Daugavet property
Let us recall the notion of (Banach spaces) ultraproducts (see e.g. [7] ). Let U be a free ultrafilter on N, and let {X i } i∈N be a sequence of Banach spaces. We can consider the ℓ ∞ -sum of the family [⊕ i∈N X i ] ℓ∞ together with the closed subspace N U of all {x i } i∈N ∈ [⊕ i∈N X i ] ℓ∞ with lim U x i = 0. The quotient space [⊕ i∈N X i ] ℓ∞ /N U is called the ultraproduct of the family {X i } i∈N (relative to U), and is denoted by (X i )/U. Let (x i ) stand for the element of (X i )/U containing a given family {x i } ∈ [⊕ i∈N X i ] ℓ∞ . It is easy to check that (x i ) = lim U x i . If all the X i are equal to the same Banach space X, the ultraproduct of the family is called the ultrapower of X (relative to U) and usually denoted by X/U.
The results obtained in the previous section have the next two applications to ultraproducts. 
In particular, every nonzero normal positive linear functional on the dual von Neumann algebra M of the ultraproduct ([M i ] ⋆ )/U has diffuse centralizer and, in particular, M itself is diffuse.
Proof. We may and do assume that f is nonzero. Let {ϕ i } i∈N be a representative of the f . By Proposition 2.8, for each i ∈ N one can find ψ i ∈ (M i ) ⋆ in such a way that ψ i = ϕ i and Remark that the above corollary shows that diffuseness contrasts with semifiniteness under the ultrapower and ultraproduct procedures, see [16, §1] . (1) M is diffuse.
(2) The predual M ⋆ satisfies the consequence of Proposition 2.8, that is, for every ϕ ∈ M ⋆ and every ε > 0, there is ψ ε ∈ M ⋆ so that ϕ −ε < ϕ±ψ ε < ϕ +ε and ψ ε = ϕ . Remark that the consequence of Proposition 2.8 actually charactrizes when a given von Neumann algebra is diffuse. Note that the equivalence (1) ⇔ (2) can be shown without appealing to the (uniform) Daugavet property. In fact, the referee kindly informed us of a direct proof of (2) ⇒ (1).
